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Abstract. It has been known that, keeping the outer boundary coordinates 
intact before and after a coordinate transformation is a sufficient condition for 
obtaining a reflectionless transformation medium. Here we prove that it is also 
a necessary condition for reflectionless transformation media in an isotropic and 
homogenous background. Our analytical results show that the outer boundary 
coordinates of a reflectionless transformation medium must be the same as the 
original coordinates with a combination of rotation and displacement, which is 
equivalent to situation that the boundary coordinates are kept intact before and 
after transformation. 
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1. Introduction 

Recently, invisibility cloaks have received a lot of attentions [1]- [9], due to their 
amazing properties of excluding light from a protected object without perturbing 
exterior fields. The real breakthrough behind the story is the theoretical tools used 
to construct the cloak: transformation optics, in which coordinate transformation is 
applied to obtain a new set of permittivity and permeability tensors whereas Maxwell's 
equations are still form invariant. Inspired by invisibility cloaks, different kinds of 
media constructed by the coordinate transformation method are proposed to control 
electromagnetic fields for novel applications, such as field concentrator [10], field shifter 
and splitter [11], field rotator [12], electromagnetic wormholes [13], and cylindrical 
super lens [15]. Such media obtained from the coordinate transformation are called as 
transformation media, in which the behaviors of light are determined by coordinate 
transformation functions. 

For most of applications, it is desirable to have transformation media that are 
reflectionless to external light. It has been known that [1, 12, 14], keeping the outer 
boundary coordinates intact before and after a coordinate transformation is a sufficient 
condition for obtaining a reflectionless transformation medium. A strict proof has 
been given in Ref. [14]. However, it is still unclear that whether the condition is 
the only necessary condition for reflectionless transformation media, and whether 
other sufficient conditions exist for reffectionless transformation media. In the present 
paper, we analytically present the necessary and sufficient condition for reffectionless 
transformation media, in particular, in an isotropic and homogenous background 
medium. Some numerical examples are also given to confirm our findings. 

2. Transformation media 

Maxwell's Equations without sources take the form asVxE = — VxH = 
V • D = 0, V • B = 0, with D = 5 • E, B = /I • H. Consider the transformation from 
the Cartesian coordinate system {x^y^z) to an arbitrary curved coordinate system 
(^1,^2, ^3) (illustrated in Fig. 1), which can be described by a set of equations 
X = /i(<7i,^2,g3), y = /2(<7i,g2,g3), z = /3(<7i,g2,g3). Then Maxweh's equations m 
the curved coordinate system can be expressed asVgXE = — VgXH = 
• D = 0, • B = 0, with D = f • E, B = p • H, where 

1=det{g){g^)-%-\ ^ = det{g){g^)-%-\ (1) 

E = ^E, H = ^H, (2) 

with 
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It is seen that Maxwell's equations have the same form in any curved coordinate 
system. However, the permittivity and permeability change their values, which are 
expressed as the functions of (^1,^2,^3) in Eq. 1. The media with such permittivity 
and permeability are thus transformation media, where (g'i,g'2,^3) are treated as 
cartesian coordinates in physical space. 
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Figure 1. Illustration of coordinate transformation. 

3. Necessary condition for refiectionless transformation media 

Consider a transformation medium obtained by a coordinate transformation from 
a homogenous and isotropic background (e.g. vacuum) with permittivity e and 
permeabihty /i, and placed in the same medium. 

To derive the necessary condition for refiectionless transformation media, we take 
the refiectionless property as a prerequisite. Since the incident waves can always be 
expressed as the superposition of the eigen waves, no reflection should occur for each 
eigen wave incidence. It is known that the eigen wave in a homogenous and isotropic 
medium is a plane wave. Consider an arbitrary propagating plane wave incident upon 
the transformation media. The boundary interacting with the incident wave between 
the transformation medium and surrounding medium (i.e., the original medium) is 
denoted by S. The electric and magnetic fields of the incident plane wave are denoted 
by 

Ei(x, y, z) = Ei exp(iki • r), Hi(x, y, z) = Hi exp(iki • r), (4) 

where ki = co-^/JIe; r = qiSt + q2y + qsz; and are constant vectors, representing 
the directions and magnitudes of electric and magnetic fields, respectively; |Ei|/|Hi| = 
\/^Ji/s. Since the eigen waves in the transformation medium relate to those in the 
original medium, i.e., surrounding medium, by Eq. 2, the transmitted fields in the 
transformation medium can always be expressed as 

+ 00 +00 

Et(gi,g2,g3) = ^ ^Enexp(zkn • r ), Ht((7i,g2,g) = ^ ^H^ exp(ikn • r ), (5) 

n— — oo n= — oo 

where / = /i((7i,^2,g3)x+/2((7i,g'2,g'3)y+/3(<?i,g'2,g'3)z; Enexp(zkn-r) and Hn exp(zkn- 
r) represent the eigen plane waves in the surrounding medium, including both 
propagating and evanescent components. 
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+00 ^ 

Eq. 5 can also be rewritten as E^((7i, 7 <?3) = exp(zk^-r) ^ ^E^ exp[i(kn • r — 

n= — 00 

+00 ^ 

11^(^1, (72, qz) = exp(ik^ • r) ^ gUn exp[z(kn • r — k^ • r)]. Boundary conditions for 

n= — 00 

no reflection requires that the tangential components of (H^) and E^ (H^) keep 
continuous across the boundary. To satisfy the boundary conditions, the phase factor 
of E^ and at the boundary 6', i.e., exp(zki • rs), should be matched with the the 
phase factor of E^ and at the same boundary. (Here the subscript S indicates the 
values at the boundary.) Thus, k^ • rs — k^ • rs should be a constant at any points 
of the boundary S. While since k^ could have an arbitrary direction, at most one 
of kn • rs — k^ • rs can be constant. It can then be concluded that only one term of 
En (Hn) is non-zero, denoted by E^ (Ht), while the other terms are all zeros. Now 
we have E^ = g'Et exp(zkt • r ), Ht(x, z) = gUt exp(zk^ • r ). It indicates that only 
one eigen wave is excited in the transformation medium for one specific incident eigen 
wave. The boundary conditions can then be written as 

t • Eiexp(zki • rs) = t • ^^E^ exp(zkt • rs ), (6) 
t •Hiexp(iki - rs) = t • ^^H^ exp(ik^ - rs'), (7) 

where t represents the unit vector in the tangential direction of the boundary S. The 
phase matching requires that 

ki-rs=k, •rs'+^, (8) 

where is a constant. 

Since the incident eigen wave {E^exp(zki • r),H^exp(zk^ • r)} is a propagating 
plane wave, {E^exp(ikt • r),Htexp(ikt • r)} should also be the propagating plane 
wave for the conservation of energy through the boundary. The unit vectors in the 
directions of E^, H^, and k^ are denoted by e^, and ef , which are orthogonal to 
each other. While the unit vectors in the directions of E^, H^, and k^ are denoted by 
e^^, and ef, which are also orthogonal to each other. It is obvious that (e^,e^,e^) 
can be coincident with (e]^,ef,ef) after a certain rotation, where a 3 x 3 orthogonal 
matrix R can be defined to characterize this rotation, with el = Rej (j = 1,2,3). 
Therefore, E^ and can be expressed as 

Et = gR~^qEi exp(zki • Rr ), Ht (x, y, z) = gR~^qHi exp(zki • Rr ), (9) 

where is a constant, and R~^ is the inversion of R. The phase matching condition 
at the boundary expressed in Eq. 8 can thus be written as 

k^-rs=ki-i^rs'+^, (10) 

which requires rs — i^rs to be a constant vector, i.e., 

rs = i^rs'+u, (11) 

where u denoted by u = i^ix + U2y + usz is a constant vector, and (/) = k^ • u. Eq. [11] 
is the necessary condition for refiectionless transformation media, resulted from the 
requirement of phase matching at the boundary. 
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4. Sufficient condition for reflectionless transformation media 

In this section, we briefly prove that Eq. 11 is also the sufficient condition for 
reflectionless transformation media. Consider a propagating plane wave and 
expressed in Eq. (4) incident upon the transformation medium, whose outer boundary 
coordinates rs are related to the transformed coordinates rg by Eq. 11. The the 
transmitted fields Et and Ht in the transformation medium are directly obtained by 
the coordinate transformation through Eq. 9, which satisfy Maxwell's equations in the 
transformation medium. Below we will show that the tangential fields of the incident 
wave in Eq. 4 equal to the tangential fields of the transmitted fields in Eq. 9, which 
means the transformation medium is reflectionless. 

From Eq. 11, we can obtain rs = R~^{ys — u) = R^{rs — u), where the 
superscript "T" denotes the transpose of matrix. Here, it is noted that = since 
R is an orthogonal matrix. Because rs' = /i(<7i,g2,g'3)x + /2(<7i,g2,g'3)y + /3(<7i,g2,g3)z, 
we have fj{qi,q2,q3) = Rij{qi - ui) + R2j{q2 - U2) + i^3j(g3 - '^^3) (j = 1^2,3). 
It is obvious that V^/j - Vq[Rij{qi - i^i) + R2j{q2 - U2) + Rsjiqs - us)], i-e., 
{dfj/dqi — Rij)^ + {dfj/dq2 — R2j)y + {dfj/dqs — Rsj)^, lie in the same line as 
the normal direction of S. Therefore, gs can be expressed as 

gs = [Fin, Fsn, ^3^] + i?, (12) 

where n is the unit vector in the normal direction of the boundary S; Fju = 
{dfj/dqi — Rij)i + {dfj/dq2 — R2j)y + {dfj/dqs — i?3j)z. Then, we obtain that 
gsR~^ = [Fin, Fsn, Fsn\R-^ + diag[l, 1, 1], and 

t-gsR~^=t. (13) 

Observing Eqs. 4, 9 and 13, it is obvious that, at the boundary 

t.E^=t.Et, t-H^=t.Ht, (14) 

with q = exp(zki • u). Eq. 14 means that E^ (H^) and Et (Ht) keep continuous across 
the boundary S', i.e., no reflection is excited for any propagating eigen wave incidence 
if Eq. 11 is satisfied. In conclusion, Eq. 11 is the sufficient condition for a reflectionless 
transformation medium in a homogenous and isotropic surrounding medium. 

Here, it should be noted the derived condition in Eq. 11 is for the boundary, on 
which the transformation medium interacts with the incident waves simultaneously. 
If the transformation medium has sperate boundaries, which interact with waves in a 
certain sequence. A simple example is a slab structure having two separate boundaries 
for an incident wave from on side of the slav (see Ref. [11]). For such separate 
boundaries, the condition in Eq. 11 can be satisfied independently, i.e., different 
boundaries have different R and u to satisfy Eq. (11). Therefore, if part of the 
boundary satisfies the condition and the waves incident mainly upon this part, the 
overall scattering (reflection) could be negligible. This well explained the mechanism 
of the reflectionless design in Ref. [11] in a more strict sense. In particular, the 
reflectionless condition expressed in Ref. [11] is that the distances measured along 
the X, y and z in the transformation medium and free space must be equal along 
the boundary, where the boundary is in y — z plane. This equally measured distances 
in the transformation medium and free space indicates that the coordinates can be 
the same before and after transformation after a certain displacement. In fact, the 
distance measured along the x, i.e., the direction normal to the boundary, needn't be 
equal along the boundary. The reason is that the boundary is in y — z plane and a 
displacement in x direction can always be found to make the boundary coordinates 
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of X component be the same before and after transformation, only if the boundary 
coordinates of x component transform to the same value via coordinate transformation. 

Furthermore, let us consider a rotation R and a displacement u operating on 
the coordinates (x, z) in the original isotropic and homogenous space before the 
coordinate transformation. The new coordinates after rotation R and displacement u 
are denoted by (x , , z'). Since the medium is isotropic and homogenous, eigen waves 
are the same under the new coordinates. The boundary coordinates of the region to 
be transformed is now changed from rs to Rys + u denoted by rs , which is the same 
as the right term of Eq. 11. Thus, the transformation medium can be considered as 
being constructed by transformation from , y , z') to (g'l, ^2, ^3), with the boundary 
coordinates keep intact before and after transformation, i.e., 

rs = rs . (15) 

Therefore, in the case of an isotropic and homogenous background, the necessary and 
sufficient condition expressed in Eq. 11 is equivalent to the condition that coordinates 
of the boundary are kept the same before and after transformation. 

5. Numerical examples 

To illustrate the above derived condition clearly, we present some numerical examples 
here. In Fig. 2 (a), a transformation of compressing a cylindrical region of free space 
with X = 2qi and y = 2q2 is shown. The corresponding transformation medium has 

the parameters e = JI = diag[l^ 1,4]. The corresponding electric field distribution for 
a line current source interacting with such obtained transformation media, is plotted 
in Fig. 2(b). It is clearly seen that reflections and hence scatterings are excited, since 
the boundary coordinates can't be kept the same before and after transformation by 
rotation and displacement. In Fig. 3(al) and (a2), the transformations of a elliptic 
region into an elliptic annular region are shown. The outer boundary coordinates 
are kept intact before and after transformation for (al), while the outer boundary 
coordinates can be kept the same by rotation and displacement for (a2). Such 
transformation is operated under free space background. The obtained transformation 
media are elliptic invisibility cloaks. The electric field distributions under a line current 
source for (al) and (a2) are plotted in (bl) and (b2), where we see no reflection is 
excited since Eq. 11 can be satisfied for both cases. 




-2-1 1 2 



Figure 2. (a) Coordinate transformation of compressing a cylindrical region; (b) 
Electric field distribution for a line current source interacting with the obtained 
transformation medium. The transformation is operated under a free space 
background. 
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(al) 




Figure 3. (al) and (a2) Coordinate transformations of a elliptic region into a 
elliptic annular region; (bl) and (b2) Electric field distribution for a line current 
source interacting with the transformation media (al) and (a2), respectively. The 
transformation is operated under a free space background. 

As discussed in the above, if one part of the boundary satisfies the condition and 
the waves incident mainly upon this part, refiection might be neghgible. Consider 
a transformation ihustrated in Fig. 4(a), where a rectangular region of free space 
is transformed into a square region, by compressing the space only in x direction. 
The coordinates of the left and right boundaries denoted by solid lines can be kept 
the same before and after transformation by displacement. However, the coordinates 
of the up and down boundaries denoted by dashed lines can't be kept the same after 
transformation by rotation and displacement. Put such square transformation medium 
in a PEC (Perfectly Electrical Conductor) waveguide. The wave behaviors in the 
waveguide are illustrated in Fig. 4(b) and (c). In Fig. 4(b), the waves only interact 
with the left and right boundaries of the transformation medium in the propagation 
direction. Thus, no refiection is observed. However, in Fig. 4(c), the waves interact 
with the up and down boundaries of the transformation medium, where refiections are 
excited. 

6. Discussions and conclusions 

In conclusion, we derived the necessary and sufiicient condition for a refiectionless 
transformation medium in an isotropic and homogenous surrounding medium in 
this paper. The geometrical expression of this condition is that the transformed 
coordinates of the boundary can be the same as the original coordinates only by 
rotation and displacement of the coordinates. In a general sense, this condition is 
equivalent to the condition that the boundary coordinates are kept the same before 
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(a) 





(b) 



(c) 



>»»<l|t|l|l||t 



Figure 4. (a) Coordinate transformation of compressing a rectangular region 
into a square region. The compression is only done in x direction. The 
left and right boundaries are denoted by solid lines, and the up and down 
boundaries are denoted by dash lines. Electric field distribution when the obtained 
transformation media is put in a PEC waveguide for (b) the left and right sides of 
the transformation medium interacting with the waves (c) the up and down sides 
of the transformation medium interacting with the waves. The transformation is 
operated under a free space background. 



and after transformation. Numerical simulations confirmed our findings. 
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